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Bulk viscosity has been intrinsically existing in the observational cosmos evolution with various
effects for different cosmological evolution stages endowed with complicated cosmic media. Normally
in the idealized “standard cosmology” the physical viscosity effect is often negligent in some extent
by assumptions, except for galaxies formation and evolution or the like astro-physics phenomena.
Actually we have not fully understood the physical origin and effects of cosmic viscosity, including
its functions for the universe evolution in reality. In this present article we extend the concept of
temperature-dependent viscosity from classical statistical physics to observational cosmology, espe-
cially we examine the cosmological effects with possibility of the existence for two kinds of viscosity
forms, which are described by the Chapman’s relation and Sutherland’s formula respectively. By
considering that a modification of standard model with viscosity named as ΛCDM-V model is con-
structed, which is supported by data fitting. In addition to the enhancement to cosmic age value, the
ΛCDM-V model possesses other two pleasing features: the prediction about the no-rip/singularity
future and the mechanism of smooth transition from imperfect cosmological models to perfect ones.
I. INTRODUCTION
The perfect fluid cosmological models are built on the
dynamics governed by Einstein’s theory of general rela-
tivity with the cosmological principle valid at large cos-
mic scales and the assumption of cosmic compositions
as idealized perfect fluids, which means that all compo-
nents of the matter-energy in our universe are considered
as perfect fluid without any viscosity which may be inter-
preted as a result of having taken a roughly gross grain
approximation. The well-known ΛCDM model, which
is regarded as the most idealized standard description
for current cosmology, obtains a constant dark energy
term (the famous cosmology constant) that permeates
the space everywhere and globally fits the observational
data sets very well [1]. But researches have shown that
dynamical dark energy models are also allowed by both
observations and theoretical considerations [2, 3]. So far
the related research work in this line has produced a va-
riety of improved models, and one direction is studying
the practical effects of the physically existing viscosity on
the cosmic evolutions and its manifestations [4–12]. It is
a natural fact that viscosity exists in the universe evolu-
tion history with its eminent role in the thermal plasma
as from hot Big Bang like stages and the important ef-
fect of turbulence viscosity has been observed both in
intra-galactic and inter-cluster medium.
Even though the existence of viscosity is not a prob-
lem, we are confused by its possible origin in the cosmos
and how the cosmic viscosity affects the cosmological evo-
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lution. In other words, we are pursuing after physically
reasonable explanations and acceptable behaviours of the
large-scale existing viscosity in the universe.
Much efforts have been made to study imperfect mod-
els with various forms of viscosity term [7–11, 13–17]. We
believe that the perfect fluid universe should be an ap-
proximation of imperfect fluid universe when it inflates,
where the evolutional behaviour of viscosity should be
functioning.
According to the observationally homogeneous and
isotropic property of the large scale theoretical universe
discussed above, we focus on the the bulk viscosity (or
the 2nd viscosity) term, while neglecting dissipation and
shear viscosity which are incompatible with the cosmo-
logical principle. The full expression of moment-energy
tensor containing extra pressure of bulk viscosity reads
Tµν = ρUµUν + (p− 3Hζ)hµν , (1)
where ρ is energy density, p, the isotropic pressure of
perfect fluid, Uµ = (1, 0, 0, 0), the four-velocity of the
cosmic fluid in co-moving coordinates, hµν = gµν+UµUν
represents the projection tensor, and 3H = ∂µU
µ.
We will propose an imperfect fluid model with
temperature-dependent viscosity origin in the following
section. Model constrainted with cosmic observational
data-sets are included in the third section. We discuss
and perform some numerical contrasts between the vis-
cous model and ΛCDM model in section four. In the end,
we briefly show some features of the new model with con-
clusions.
2II. VISCOSITY
According to Eq. (1), the effective pressure which in-
cludes the contribution from bulk viscosity reads
p = wρ− 3Hζ, (2)
where ζ is the bulk viscosity parameter, and w is the
EoS parameter of cosmic fluid except for the viscosity.
For simplification, we neglect the radiation since it con-
tributes little to the late-stage evolution scenario.
In this article we try to extend the concept which is
one possible origin of cosmic viscosity—molecular-like
interaction—to cosmological researches. On large-scale
we assume:
First, the interaction between galaxies or baryon clumps
and other thermal interactions occurred in local area
could be effectively depicted by molecular-like interac-
tion seen on large-scale.
Second, we try to use linear-evolution law to mimic the
evolutional behaviour of an universal temperature which
can represent the large-scale effects of those local phe-
nomena.
We are quite confident that at the last scattering, such
universal temperature is about 3000K and it must be ap-
proaching zero corresponding to the dilution of cosmic-
fluid through late-stage expansion. As a test, we set the
effective temperature as 2.73K, equalling to the CMB
black-body temperature at present.
In this paper, we adopt two appropriate molecular-like
collision/ interaction models for cosmology study, from
which the viscosity is physically generated; one is based
on the Chapman-Enskog equation [51] for dilute multi-
component gas mixtures [52] (to a first approximation)
which can be simplified as
ζ =
x2i
Ax2i +B
(T
1
2 ), (3)
where A and B are generalized temperature-independent
factors which include collision diameter, collision inte-
gral, and molecular mass. xi represents the fraction of
each component.
The other one is the Sutherland’s formula [51] which
reads
ζ = ζ′(
T
T ′
)
3
2
T ′ + S
T + S
, (4)
where S is Sutherland’s constant, the prime represents
reference values here.
The above two models are both semi-theoretical or em-
pirical with first order approximation. The Chapman-
Enskog equation assumes that molecules possess only
translational kinetic energy, while Sutherland’s formula
assumes molecules are smooth rigid elastic spheres sur-
rounded by fields of attractive force. Both forms are
available for building cosmological models under proper
simplification, since the empirically determined parame-
ters are impossible to be given precisely on cosmic large
scales. At low temperature (T ≪ 300K), a general equa-
tion which can approximately represent the main feature
of Chapman’s and Sutherland’s formulae reads
ζ = ζ0T
α, (5)
where ζ0 is considered as a simplified coefficient, and α
equals to 1
2
or 3
2
, which are chosen specifically in order to
physically represent Chapman’s or Sutherland’s limit for-
mula respectively. Theoretically, α could be lower than 3
2
in Sutherland’s formula (4), we pick this value as the up-
per limit in late-time cosmological evolution. Thus, the
Chapman’s model and Sutherland’s model of viscosity
origin can be unified by Eq. (5) and extended on cosmic
large scales in late-stage evolutional era.
III. COSMOLOGICAL MODEL WITH
CONSTRAINTS
At first we tried the unified dark fluid model, which
unfortunately may lead to singularity phenomenon, indi-
cating that unified imperfect dark fluid model can hardly
explain the full richness of dark energy phenomenon, this
result is in consistent with previous researches [14–18].
We keep in mind that so far by the global fitting, any fea-
sible cosmology model to include the dominated dark en-
ergy should not deviate too much away from the ΛCDM
model, which leads us to move on to the study of effective
viscosity functioning on the basis of ΛCDM.
1. basic equations
In this subsection, we focus on the application of vis-
cosity to the ΛCDM model. The expression of viscosity
follows Eq. (5) which contains both the physical content
of Chapman’s equation and Sutherland’s formula, while
the corresponding Einstein’s equations which include the
constant dark energy Λ term in the flat FRW metric read
H2 =
8piG
3
ρ =
8piG
3
(ρm + ρΛ), (6)
H2 + H˙ = −
4piG
3
(ρ+ 3
p
c2
), (7)
where ρm is energy density of pressure-less matter, ρΛ
represents energy density of the constant dark energy,
and c is the light speed in the vacuum (in natural units c
equals to one). The expression of the effective pressure p
which includes the viscosity contribution in Eq. (7) then
reads
p = −ρΛc
2
− 3Hζ, (8)
where the first term is the effect of constant dark energy
which EoS parameter wDE = −1 exactly, and the second
term comes from the effect of viscosity.
3The combined form of Eqs. (6)–(8) reads
H˙ = −
3
2
Ωm0H
2
0(1 + z)
3 + 12piGHζ, (9)
which can be parametrized as
∂E
∂z
= A
(1 + z)2
E
−
B
H0
(1 + z)±
1
2 , (10)
where A = 3
2
Ωm0 and B = 12piGζ0T
α
0 with α equals
to 1
2
or 3
2
according to the specific formulae of viscosity.
The power index ± 1
2
in the above equation corresponds
to Sutherland’s formula and Chapman’s relation respec-
tively. We name this model ΛCDM-V where V is short
for the viscosity. For convenience, letter “a” and “b”
are added as postfixes when α equals to 1
2
and 3
2
respec-
tively. The new model differs from the standard ΛCDM
with an additional term B
H0
(1 + z)±
1
2 in Eq. (10), which
has no simply analytical solution. We will use numerical
method by Bayesian analysis in model constraining. No-
tice here exist two theoretical restrictions for Eq. (10),
i.e: E(z = 0) = 1 which is a natural boundary condition,
and B > 0 which must be ensured due to the physical
existence of viscosity.
2. astrophysical data constraints
In this subsection we have proposed a model which ex-
plicitly announces that the universe consists of baryons,
cold dark matter, constant dark energy and viscosity,
and both the dark energy and viscosity contributes to
the effective pressure. In addition to the observational
H(z) [37–44] listed in Table (I) and SNe Ia data-sets
(Union 2.1) with and without systematic errors, the
baryon acoustic oscillation (BAO) data-sets [45, 46] listed
in Table (II), which has strong constraints on dark en-
ergy models will also be included in model constraining.
We should mention that several observation H(z) data
points in the general H(z) data catalogue are from BAO.
We will not treat them twice in doing the statistic anal-
ysis [33, 34] for the models, which means H(z) data from
Refs. [42–44] will not be included in joint analysis of BAO
and H(z). The method we adopted for SN Ia analysis
with systematic errors is introduced in Ref. [35], provid-
ing more reliable results than analysis without systematic
errors.
The best-fit results for model Va and Vb are listed
in Table (III), besides which the confidence ranges of
parameter pair (Ωm0, B) of both models are shown in
Fig. (1).
The observational H(z) or SNe Ia data alone does
not provide much tight constraints on parameter pair
(Ωm0, B), until BAO data is taken into consideration.
The overlapped 2σ confidence ranges in Fig. (1) mildly
favour positive value of B, and confine it under the mag-
nitude of 20. The combined constraints for Ωm0 are also
acceptable, which lie around 0.30. The two panels in
TABLE I: 29 measurement points of the Observational Hub-
ble Parameter Data-sets, we combined the data list given
in [36] with the latest data obtained from BOSS DR11 [44].
redshift H (km · s−1 ·Mpc−1) σH Reference
0.100 69 12 [37]
0.170 83 8 [37]
0.270 77 14 [37]
0.400 95 17 [37]
0.900 117 23 [37]
1.300 168 17 [37]
1.430 177 18 [37]
1.530 140 14 [37]
1.750 202 40 [37]
0.480 97 62 [38]
0.880 90 40 [38]
0.179 75 4 [39]
0.199 75 5 [39]
0.352 83 14 [39]
0.593 104 13 [39]
0.680 92 8 [39]
0.781 105 12 [39]
0.875 125 17 [39]
1.037 154 20 [39]
0.35 76.3 5.6 [40]
0.07 69.0 19.6 [41]
0.12 68.6 26.2 [41]
0.20 72.9 29.6 [41]
0.28 88.8 36.6 [41]
0.44 82.6 7.8 [42]
0.60 87.9 6.1 [42]
0.73 97.3 7.0 [42]
2.30 224.0 8.0 [43]
2.36 226 8 [44]
TABLE II: 6 measurement points of the Baryon Acoustic Os-
cillation Data-sets, we combined the data list given in [45]
with new data from SDSS-III BOSS [46].
redshift A σA Sample
0.106 0.526 0.028 6dFGS [45]
0.20 0.488 0.016 SDSS [45]
0.35 0.484 0.016 SDSS [45]
0.44 0.474 0.034 WiggleZ [45]
0.57 0.436 0.017 BOSS [46]
0.6 0.452 0.018 WiggleZ [45]
0.73 0.424 0.021 WiggleZ [45]
Fig. (1) are similar to each other with tiny differences,
indicating that the value of α is allowed between 1/2 and
3/2. The confidence ranges of H0 are not shown here,
since the constraints on the Hubble parameter by each
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FIG. 1: 2σ confidence ranges for parameter pair (Ωm0, B),
constrained by SNe without systematic errors (blue), H(z)
data-sets (purple) and joint analysis of BAO and SNe with
systematic errors. The filled diamond and triangle represent
best fit points given by SNe+BAO and H(z) respectively.
individual data set are tight and give out similar values
around 70 km/s/Mpc. Besides, among the three param-
eters, the values of B and Ωm0 matter most to our newly
viscous model constraining.
IV. DISCUSSIONS ON THE ΛCDM-V MODEL
The evolutional behaviour of viscosity is related to the
expansion scalar a = 1/(1+z) which has been pointed out
in the second section. The magnitude of viscosity will be
gradually reduced by the on-going expansion. This pro-
TABLE III: Best-fit parameters of ΛCDM-V models by vari-
ous data-sets, where the reduced χ2 is chi-square divided by
the degree of freedom ( which is N − n − 1, where N is the
number of observations, and n is the number of fitted param-
eters). The constraining results of joint analysis of H(z) and
BAO shown here are not presented in Fig. (1).
data sets applied H(z) SNe(no sys-errs) H(z)+BAO
model-Va
reduced χ2min 0.643 0.974 0.586
Ωm0 0.277 0.283 0.278
B(= 12piGζ0T
1
2
0
) -0.634 0.867 4.806
H0 (km/s/Mpc) 68.293 69.884 70.656
model-Vb
reduced χ2min 0.643 0.974 0.575
Ωm0 0.286 0.290 0.280
B(= 12piGζ0T
3
2
0
) 1.588 1.603 3.720
H0 (km/s/Mpc) 68.585 69.885 70.955
vide us an physically acceptable transition mechanism of
fluid from imperfectness to perfectness during the cosmic
evolution.
According to the results given by model constraining,
both model Va and Vb are acceptable. The results pro-
vide an allowed range for the value of B, and conse-
quently set an upper limit for viscosity parameter. Since
in this present study we are mainly interested in the evo-
lutional effect of viscosity on late-stage cosmological evo-
lution of the universe, in the following we will show how
much deviation the viscosity model constrained by the
background data-sets may provide against the standard
scenario, the ΛCDM model.
For convenience, we re-express the ΛCDM model in
a simple form with the Ωm0 as the cosmic observational
matter composite fraction with repeat to the critical den-
sity of the observable universe today
H2ΛCDM = H
2
0[Ωm0(1 + z)
3 + (1− Ωm0)]. (11)
According to the latest WMAP-9yr observational re-
sults [2], we set the parameters Ωm0 = 0.287 and H0 =
69.32 by the global best-fit results for the standard cos-
mology model. In order to observe the effects of viscos-
ity, we also set the parameter A = 0.427 and H0 = 70 for
model Va and Vb, while the value of parameter B varies
in [0, 20] for Va and [0, 10] for Vb roughly according to
the constraining results.
The contrasts with H-z relation between the viscous
models and standard cosmology models are illustrated in
Fig. (2). Viscosity contribution suppresses the value of
Hubble parameter at high red-shift, which means that
it increases the cosmic age. As we know today that the
age of the universe is 13.772± 0.059 Gyr as predicted by
the standard cosmology model with observations [2]. For
the possible largest value of parameter B, the standard
cosmic age could be extended by 1.012 and 1.041 times
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FIG. 2: Ratio of deviation of H-z relation, where ∆H =
Hmodel(z) − HΛCDM (z), the shadowed area represents the
possible H(z) values of the specific model with the value of
B varying in the allowed range.
by Va and Vb model respectively. Generally speaking,
the age of the universe predicted by the ΛCDM-V model
will not be older than an upper limit as 15 Gyr. This
result is in consistent with the Planck data about cosmic
age [28].
We are also interested in the fate of the universe pre-
dicted by the viscous model. To some extent, the ΛCDM-
V model can be regard as a phantom-like dark energy
model according to Eq. (8), (also see Fig. (3)). As the
expansion goes on the observational universe will tend to
infinities, the cosmic media viscosity will fade out or be
negligent totally and the imperfect fluid will gradually
become perfect one to satisfying accuracy.
There are basically four types of future singularity [21].
Type I (Big Rip): the scale factor becomes infinite at a
finite time in the evolution future. Type II (Sudden Rip):
the scale factor and energy remain finite at the rip time
when pressure becomes infinite. Type III: the scale factor
remains finite when energy and pressure become infinite
in the finite future. Type IV: the scale factor remains fi-
nite in the finite future when energy and pressure vanish,
and the higher derivatives of H diverge. We may extend
the classification to include the EoS singularity as well.
When the red-shift approaches −1, the Hubble param-
eter remains finite as shown in Fig. (2), which means the
Big Rip is avoided by model Va and Vb; according to
Eqs. (8), effective pressure will always be finite, so Type
II and III singularities are also absent. The last kind of
singularity is apparently not predicted, so the ΛCDM-V
model will not experience the above four types of singu-
larity as well as the EoS singularity obviously.
Taking into account of the no-rip, little rip and pseudo-
rip [22] cases, there are seven types of fate for the uni-
verse evolution. The ΛCDM model certainly predicts the
no-rip future. We have already known that during the ex-
pansion of the universe, our viscous model will gradually
evolve into the standard perfect one. With the Hubble
parameter predicted to be constant (dominated by a cos-
mology constant like term) when time goes to infinity,
the ΛCDM-V models are free of any kind of rip destiny.
V. CONCLUSIONS
In the above sections we have explored the possible
effects of the existence of temperature related viscos-
ity on cosmological evolution by proper modelling which
is supported by observed data-sets fittings. Similar re-
search work in literature have proposed a variety of
kinds of viscosity forms, from constant viscosity parame-
ter [13, 18] to complicated turbulence phenomena related
forms as possibly appearing in the complex cosmos media
physics [12], and the temperature-dependent viscosity in
this present work is proved to be one possibility with
suitable models.
In this article, at first we have attempted to conceive
the unified dark energy (matter, dark matter and dark
energy unified) models, which is rejected by the fact that
it may cause singularity during cosmic evolution. Simi-
lar researches have pointed to basically the same result,
which indicates that unified fluid models with viscosity
can mimic the evolutional behaviour, but usually cause
damping of density perturbations [14–18].
Following the extension of our first trial we have then
proposed the ΛCDM-V model, which is a modification of
the standard ΛCDM model accordingly, turning the ide-
alized perfect fluid cosmology model into the practically
imperfect one with proper viscous energy-momentum
tensor functioning and is fitted satisfactorily with the
currently main observational data-sets.
In the Fig. (3) for numerical comparisons, we can see
the parametrized equation of state (EoS) parameter evo-
lution lines of the ΛCDM-V and the standard ΛCDM
model can match at present stage and in the future evo-
lution, to form a consistent picture which is in accor-
dance with the no-rip future predicted by the new model.
In addition to increasing the cosmic age and being free
of future singularity, we would like to say the smooth
transition mechanism is another pleasing feature of the
ΛCDM-V model. In this present work, the sub-model
Va and Vb could converge to the cosmic perfect fluid
model, the globally well fitted ΛCDM model, as the cos-
mic expansion goes on to infinity to dilute the effects
of viscosity, thus provides a smooth transition mecha-
6nism from practically imperfect fluid models to perfect
fluid ones. Fig. (3) also indicate that our imperfect fluid
model is phenomenologically related to phantom cosmol-
ogy, since the EoS parameter of ΛCDM-V model is lower
than −1. But in the far future, our model can predict
a non-singular universe which can hardly be reached by
phantom dark energy theories [23, 24] or previous impe-
frect fluid models [7–11, 13–17].
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FIG. 3: The w-w’ phase space of the ΛCDM-V models, where
the prime represents ∂
∂z
instead of the ∂
∂N
with N = ln a(t)
and w here is the effective EOS parameter since we hope to
give a clear behavior of the effective equation of state espe-
cially when w = −1 rather than to illustrate the dark energy
model classification by Caldwell and Linder parametrization
(Ref. [25–27]). The red line represents the w-w’ curve of the
ΛCDM model, while the dashed line shows the limit of viscous
models in phantom region.
Considering about the complexities and difficulties for
the physical viscous media descriptions in observational
universe, in the present work we have not included the
density perturbation discussions which may give much
tighter constraints on model buildings, like via the inte-
grated Sachs-Wolfe effect or matter power spectrum sim-
ulations (see Refs. [13, 18, 29, 30]). We strongly believe
that more precise observational data-sets given by fu-
ture astrophysics observation instrumental achievements
can certain provide higher capacity performance in model
constraining, constructing and will finally pin down the
physics for long puzzling cosmic dark matter problems
and mysterious dark energy phenomena.
The currently possible origins and explanations of vis-
cosity physics may remind us of that trying to express
viscosity effect in only one form could be too simple. The
rich viscosity effects in cosmos may be an assemblage of
a variety of dynamical and kinematics effects of locally
cosmic motion and globally cosmos large-scale evolution,
which may show different features when observed on dif-
ferent scales and/or in different evolutional stages. We
may say present research reveals only a tip of the whole
iceberg. Nevertheless, continuous study endeavours to
the mysterious dark sector physics will surely shed light
towards the fundamental understandings of our universe.
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